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Abstract— We show that the recently proposed Fast Fourier
Aliasing-based Sparse Transform (FFAST) algorithm for computing the Discrete Fourier Transform (DFT) [1] of signals with
a sparse DFT is equivalent to iterative hard decision decoding of
product codes. This connection is used to derive the thresholds
for sparse recovery based on a recent analysis by Justensen
[2] for computing thresholds for product codes. We first extend
Justesen’s analysis to d-dimensional product codes and compute
thresholds for the FFAST algorithm based on this. Additionally,
this connection also allows us to analyze the performance of the
FFAST algorithm under a burst sparsity model in addition to
the uniformly random sparsity model which was assumed in
prior work [1].

I. I NTRODUCTION
Let x = (x[0], x[1], . . . , x[N − 1]) denote a discrete-time
signal of length N that is sparse in the Fourier domain
with exactly K non-zero Discrete Fourier Transform (DFT)
coefficients. Let X = (X[0], X[1], . . . , X[N − 1]) denote the
DFT of x. Recently, there has been a lot of interest in the
design and analysis of computationally-efficient algorithms
for computing the location and magnitudes of the K non-zero
coefficients from a sub-sampled version of x [1], [3], [4].
In this paper, we particularly focus on the Fast Fourier
Aliasing-based Sparse Transform (FFAST) algorithm developed by Pawar and Ramchandran in [1], [5]. If a very
small probability of error can be tolerated, the FFAST
algorithm requires at most M = O(K) samples from x and its
computational complexity is only O(K log K) i.e., the sample
and computational complexity can both be independent of N.
More precisely, it is shown in [1] that a threshold behavior
exists, i.e., for K = O(N δ ), in the limit of K, N → ∞, recovery
with arbitrarily high probability is guaranteed if M ≥ rK,
where r is a constant, which can be interpreted as a threshold.
The key novelty in the FFAST algorithm is the connection
that it makes between spectral estimation and peeling-based
decoding of low density parity check (LDPC) codes. The
FFAST algorithm cleverly uses a Chinese Reminder Theorem
(CRT) guided sub-sampling operation to induce aliasing
artifacts in the spectrum that look like the parity check
constraints of good error-correcting codes like LDPC codes.
This enables the use of computationally-efficient decoding
algorithms and permits analysis of the the FFAST framework
to leverage tools from the design and analysis of codes on
graphs. Specifically, it is shown that when the K non-zero
coefficients are chosen uniformly at random among the N
coefficients, the ensemble of reduced graphs obtained in

the FFAST algorithm case is identical to an LDPC code
ensemble and, hence, density evolution can be used to obtain
the thresholds for the FFAST algorithm.
In this paper, we show that in the very sparse (K =
O(N δ ), 0 < δ ≤ 1/3) regime, the FFAST algorithm with
d stages, i.e., with d sub-sampling patterns (refer to [5]
for details) is identical to an iterative decoder for a ddimensional product code with a single error correcting code
in each dimension. This connection allows us to leverage
some tools that have been developed for the analysis of
product codes to rederive the thresholds for the FFAST
algorithm. Particularly, Justesen has analysed the thresholds
of iterated product codes in [6] for two-dimensional product
codes with arbitrary t-error correcting component codes. We
show that extending this analysis to d-dimensional codes
results in exactly the same thresholds as in [1], but it provides
an alternate characterization of the threshold. This turns out
to involve quantities that typically appear in the results on the
emergence of k-cores in random graphs. In the less-sparse
(K = O(N δ ), 1/3 < δ ≤ 1) regime, we show that the FFAST
algorithm corresponds to an iterative decoder for a carefully
defined product code and we show that such a code can
also be analyzed and the thresholds derived based from this
analysis are identical to those derived in [1].
Interpreting the FFAST algorithm as decoding of a product
code also provides insight into the performance of the FFAST
algorithm when non-zero coefficients are not randomly chosen, but are bursty such as what may be encountered in
many practical applications like spectrum sensing. Here we
provide partial results on the recovery of bursty signals
when there is exactly one burst or two bursts, i.e., when
the spectrum consists of one or two contiguous bands. We
provide guaranteed recoverability results for the finite length
case and provide thresholds for the 1 and 2 burst cases
asymptotically. The performance of the FFAST algorithm for
bursty signals appears to be better than those for randomly
chosen non-zero coefficients. We show that for d = 2 stages
when there are two bursts, in the√limit of N → ∞, perfect
recovery is possible when K < α N for α ≈ 1. However,
under the random sparsity model for d = 2, the probability
of recovery cannot be made to be arbitrarily close to 1 for
any α > 0.

II. S YSTEM M ODEL
The main idea in the FFAST framework [1] is to exploit
the fact that sub sampling in the time domain corresponds
to aliasing of the spectrum. If the spectrum is sparse, then
the aliased spectrum is also likely to be sparse with very few
non-zero coefficients aliasing (overlapping) with one another.
By first computing multiple versions of aliased spectra
with different under-sampling factors, we can recover the
original spectrum if there is a one-to-one mapping between
the aliased spectra and the original spectrum. The FFAST
algorithm ensures this through the use of the CRT.
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III. C ONNECTIONS BETWEEN PRODUCT CODES AND THE
FFAST ALGORITHM

Fig. 1. Block diagram of a FFAST decoder : There are a total of d stages
when N = P1 P2 . . . Pd . x[n] and a shifted version of x[n] are sub-sampled by
fi in the ith stage and the Fourier transform of the sub-sampled versions
(aliased versions of the original spectrum) are computed. A peeling decoder
is then used to recover the original DFT coefficients from the aliased spectra.

Let N = P1 × P2 × . . . × Pd , where d denotes the number
of stages in the FFAST decoder. To keep the discussion
simple, we will restrict our attention to the case of d = 2
and consider the Block diagram shown in Fig. 1. Instead
of using all the samples, in the FFAST algorithm, x is
first sub-sampled by f1 = P1 to create a P2 -point signal
xs = (x[0], x[P1 ], x[2P1 ], . . . , x[(P2 − 1)P1 ]). Let X s denote the
P2 -point DFT of xs . A second sequence is generated by
delaying x by t1 (=1 in the example) and then sub sampling it
by P1 to obtain x̃s and let its DFT be denoted by X̃ s . Similarly,
x and a shifted version of x are also sub-sampled by f2 = P2
to obtain two other sequences zs , z̃s , i.e. we create a total
of 4 sequences and their corresponding DFT’s as shown in
Fig. 1.Notice that the relationship between X[k]’s and the 4
aliased DFT coefficients are given by
Xs [l1 ]
X̃s [l1 ]
Zs [l2 ]
Z̃s [l2 ]
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pairs: (Xs [l1 ], X̃s [l1 ]) and (Zs [l2 ], Z˜s [l2 ]). An edge connects
a bit node and a check-node if the bit-node coefficient
participates in that check node equation. A check-node is
called a singleton if there is only one bit-node participating
in it. Note that for a singleton check-node, because of the
time shift property of DFT, the ratio of an observation pair
2πt1 (ki )
X̃s [l1 ]/Xs [l1 ] = e− j N , where ki is the index of the bit-node
that is participating in it. The same is true for a singleton
check-node with observation pair (Zs [l2 ], Z˜s [l2 ]). Hence, we
could determine whether a check-node is a singleton or
not from the ratio of the observation pair X̃s [l1 ]/Xs [l1 ] or
Z̃s [l2 ]/Zs [l2 ]. If the singletons are detected, we can identify
the location of the bit-node from the exponent of the ratio and
also find the value of the bit-node and subtract from all the
check-nodes that connects to this bit node. This process can
be repeated iteratively until all check-node values are zero or
all check-nodes are non-singletons. The algorithm gets stuck
if all the remaining check nodes are non-singletons. We call
the unrecovered positions in the graph as a stopping set.

(1)

X[l1 + iP1 ], 0 ≤ l1 ≤ P2 − 1 (2)
(3)

X[l2 + iP2 ], 0 ≤ l2 ≤ P1 − 1 (4)

The equations above can be visualized using a reduced
Tanner graph with the bit nodes as the K non-zero DFT
coefficients of X and the check-nodes as the observation

A. Less-Sparse (K = O(N δ ), 0 < δ ≤ 1/3) Regime

To maintain clarity, we will first discuss the connection
between product codes and the FFAST algorithm for the lesssparse regime for d = 2, and then extend to any d ≥ 3 and the
very-sparse regime. Let us consider the K-sparse spectrum
X of length N = P1 P2 , where P1 and P2 are co-prime. We
will first arrange X in P1 × P2 matrix given by X 0 .
Mapping - There exists a mapping from X 0 to X,
M : {0, 1, . . . , P1 − 1} × {0, 1, . . . , P2 − 1} →
− {0, 1, . . . , P − 1},
which relates X 0 (i, j) with X(r + 1), where r = M (i, j) is
given by,
M (i, j) ≡ ( j − i)bP2 + i (mod N)
≡ (i − j)aP1 + j

(mod N)

where a and b are integers such that aP1 + bP2 = 1 [7]. The
inverse of this mapping from X to X 0 is given by,
(i, j) = M −1 (r) ≡ (r

mod P2 , r

mod P1 ).

The CRT guarantees that M −1 is indeed a one-to-one and
on-to function. The matrix constructed using the above
mapping for N = 4 × 5 is shown in Fig. 2.
From Eqn. 1, it can be seen that the l1 th coefficient of
(Xs [l1 ], X̃s [l1 ]) pair can be used to determine a singleton from
the set of values {X[l1 + iP1 ], 0 ≤ l1 ≤ P2 − 1}. The l1 th
column of X 0 corresponds to a single error correcting code.
Similarly, the l2 th row of X 0 corresponds to a single error
correcting code that checks the set of values {X[l2 + jP2 ], 0 ≤
l2 ≤ P1 −1}. The Chinese remainder theorem ensures that for
every r, the M −1 results in a unique pair (i, j). This essentially means that each symbol X 0 (i, j) participates in exactly
one row and one column or, equivalently, the intersection of
every row and every column contains only one symbol. The
array X 0 is what is typically referred to as a product code in
the coding literature.

X[0] X[5] X[10] X[15]
P3%

X[16] X[1] X[6] X[11]
X[12] X[17] X[2] X[7]

Z%

X[8] X[13] X[18] X[3]

Y%

X[4] X[9] X[14] X[19]
Product code matrix for d = 2 and N = 4 × 5

Now that we have established the connection for d = 2,
let us consider d ≥ 3 with N = P1 P2 . . . Pd .
In the less-sparse regime, the down-sampling factors are
given by fi = Pi , 1 ≤ i ≤ d. Now, we have d sets of parity
check constraints, one from each branch. This could be
visualized as a d-dimensional product code given by the
following inverse mapping from X to X 0 , namely
(i1 , . . . , id ) = M −1 (r) ≡ (r

mod P1 , . . . , r

mod Pd ). (5)

Every stage of the FFAST creates N/ fi = ∏ j6=i Pj parity
constraints, and hence each parity check constraints is described by a 1-dimensional vector of X 0 . Again the CRT
guarantees that the intersection of the d component codes
has exactly one symbol. When d = 3, the illustration of a
representative parity check constraint in the Y -dimension of
the product code matrix is shown in Fig. 3.

Fig. 3.
Illustration of a representative single-error correcting code in
dimension Y, with d = 3 and operating in less-sparse regime

two planes formed at different stages gives a parity check
generated in less-sparse regime.
Now that we have established the connection for d = 3, it
can be extended to any d ≥ 3. Consider a K-sparse signal of
length N = P1 P2 . . . Pd and the down-sampling factors at ith
stage of FFAST, fi = ∏ j6=i Pj , 1 ≤ i ≤ d and 1 ≤ j ≤ d. Let
X 0 be P1 × P2 × . . . × Pd matrix whose elements are arranged
from X according to M −1 . Each parity check equation in
this case represents a (d − 1)-dimensional vector of X 0 and
every coefficient of X participates in d such vectors, one
from each stage of FFAST.

P3%

Fig. 2.

B. Very-Sparse (K = O(N δ ), 1/3 < δ ≤ 1) Regime

We first describe the product code formed for d = 3, and
then extend to any d ≥ 3. Consider a K-sparse spectrum, X,
of length N = P1 P2 P3 , and let us arrange X in P1 × P2 × P3
matrix, X 0 according to the inverse mapping M −1 in Eqn. 5.
In the very-sparse regime, the time domain signal, x, is
down-sampled by down-sampling factors f1 = P2 P3 , f2 =
P1 P3 and f3 = P1 P2 . The ith stage in the FFAST generates
N/ fi = Pi parity check constraints, and each check contains fi
coefficients of X. Let us examine the following parity check
equations generated at the first stage of FFAST to understand
how it could be visualized in the product code matrix X 0 .
Xs [l]
X̃s [l]

=
=

P2 P3 −1

∑

X[l + iP1 ],

∑

e− j

i=0
P2 P3 −1
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2πt1 (l+iP1 )
N

X%
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0 ≤ l ≤ P1 − 1
X[l + iP1 ], 0 ≤ l ≤ P1 − 1

(6)
(7)

Note that the lth coefficient of the (Xs [l], X̃s [l]) pair can
be used to determine a singleton from the set of values {
X[l + iP1 ], 0 ≤ i ≤ P2 P3 − 1} and hence every check is an
one-error correcting code by itself. Notice that elements of
X[l] in Eqn. 6 lie on a plane in X 0 , where each element on
the plane has a remainder l when divided by P1 . Similarly,
every check for d = 3 in the very-sparse regime can be
visualized as a plane in the matrix X 0 as shown in the Fig. 4.
Every coefficient of X participates in three checks (planes),
one in each branch(dimension), and the intersection of any

Z%
Y%
P1%

X%

Fig. 4.
Illustration of a representative single-error correcting code in
dimension Y, with d = 3 and operating in very-sparse regime

C. Decoding
It can be seen that the problem of recovering of the K nonzero coefficients is identical to the problem of recovering the
errors in a product code assuming the all-zeros codeword is
transmitted through a channel that randomly adds K-errors
with complex values. It can be seen that an iterative decoding
algorithm which decodes all the row codes followed by the
column codes in an iterative fashion can be used and this is
equivalent to the FFAST algorithm [1]. The iterative process
continues until the decoder can not change the codeword(X 0 )
anymore from the previous iteration. The decoder stops if all
the elements of X 0 are zero or a non-decodable pattern which
contains union of stopping sets (formally defined below) of
different sizes is encountered.
Definition 1 (Stopping Set): A stopping set of size t, denoted by St , is the set of t points (i, j) in X 0 that form an
non-decodable pattern when an iterative decoder is used for
decoding the received product codeword.
Example 2: Following is a stopping set of size 4. Consider
N = 4 × 5 and the set S4 = {(0, 0), (0, 1), (1, 0), (1, 1)}.
Notice that in Fig. 2, with the set of points described in S4 ,

we see that the first two rows and columns have two elements
each. But each row code is only an one-error correcting code
and hence leaving the decoder to get stuck at this point.
IV. D ENSITY E VOLUTION AND T HRESHOLDS
Justesen gave an analysis for iterative decoding of 2dimensional product codes with t-error correcting RS component codes in [2]. We will use the same approach and extend
the analysis to d−dimensional product codes in this section.
Analytical results for 3-dimensional product codes are compared with that from existing analysis given in [1]. Throughout this section, we will consider a d−dimensional product
code with individual component code lengths, P1 , P2 , . . . , Pd ,
all being approximately of same length N δ . To simplify the
notation, we will assume that P1 = P2 = . . . = P. This is only
to simplify the notation and when N → ∞, this approximation
does not change the thresholds. The analysis is given for the
d−dimensional product code in less-sparse regime and the
thresholds for the very-sparse regime can be derived in a
similar manner.

The analysis is extended from the analysis given for 2dimensional product codes in [2]. The following assumptions
are taken to simplify the model for analysis
Assumptions 1) The errors are randomly distributed in each array. So,
when P  t, the number of errors distributed along each
array follows Poisson distribution.
2) In each iteration decoding along a dimension will result
in reduction in the number of errors, which is randomly
spread across all the arrays of other dimensions. In the
equivalent error graph picture, removal of edges from
the light vertices in one partition will randomly remove
the edges of all vertices of other partitions with same
fraction. This approximation becomes exact when P
becomes asymptotically large.
Let the number of errors in an array along a dimension be
distributed according to a Poisson distribution with parameter
m. Then the average number of errors removed when that
array is decoded is

∑

A. Error pattern as random graph
A P × P 2-dimensional product code can be described
using a bipartite graph with P vertices on left representing P
rows and P vertices on right representing P columns and the
weighted edges representing the values of the symbols in the
corresponding position. As the decoding is independent of
codewords and error values, we can work with just the error
patterns which translate to random bipartite graphs of P + P
vertices where the edges are randomly chosen corresponding
to the positions of the random errors.
It is easy to visualize the 2-dimensional product code by
its corresponding bipartite graph, but when we extend it to
d−dimensional (d ≥ 3) product code, the graph representation is more involved. Each symbol is to be seen as a higher
dimensional hyper edge connected to d vertices each coming
from each of d sets of Pd−1 vertices. The whole arrangement
can be seen as a d−partite graph having dPd−1 vertices.
B. Decoding

je−m m j / j!

j≤T

The remaining vertices with degree more than t will not be
disturbed by decoding and so, will follow a truncated Poisson
distribution. The following lemma is adopted from [2] to
d−dimensional case.
Lemma 3: The degrees of the remaining vertices in a
partition will follow a truncated poisson distribution after
1) the decoding along another dimension (partition) removes some randomly chosen edges (assumption 2),
and
2) the decoding along the current dimension removes the
edges of the newly formed light vertices,
if the degrees of the vertices in that partition follow a
truncated poisson distribution initially.
Proof: This proof follows on the similar lines of the
proof given in [2].
Definition 4: Let us define π(m) as follows
π(m) =

∑ e−m m j / j!.

(8)

j≥T

Decoding of d−dimensional product code is performed
by an iterative decoder, which decodes all the arrays in each
dimension in each iteration. There are d component codes
corresponding to each of d dimensions in the product code.
Each dimension will have Pd−1 codeword arrays that belong
to the same component code. In each iteration of decoding,
all of these same component codeword arrays are decoded,
before moving on to decoding another component code
along another dimension in the next iteration. An array that
belongs to a certain component code along some dimension
is decoded if it has t or less number of errors in it. Otherwise,
it stays unchanged.
C. Analysis
In this sub-section, we will be seeing the threshold analysis
of the iterative decoder for the d−dimensional product codes.

If the number of errors is distributed according to a Poisson
distribution with parameter m before decoding the codes in
a dimension, the distribution of errors after the decoding
step follows a truncated Poisson distribution with the same
parameter m. The mean number of errors after the decoding
step can be represented in terms of π(m) as follows

∑

je−m m j / j! = mπ(m).

j≥T +1

The following Lemma describes the evolution of mean
number of errors in the d−dimensional product codes and is
an extension of the theorem presented in [2].
Lemma 5: If the total number of errors in the received
codeword is W = MPd−1 initially, the number of errors in
each array in each dimension follows a Poisson distribution

with mean M. After first iteration of decoding in one dimension, the number of errors distributed in each array of
all other dimensions follows a Poisson distribution with new
mean given by,
m(1) = Mπ(M).
After j iterations of decoding, the number of errors in an
array, or the degree distribution, follows truncated Poisson
distribution with parameter given by,

j−1


Mπ(M) ∏ π(m( j − i)) if j < d
i=1
m( j) =
(9)
d−1


M ∏ π(m( j − i)) if j ≥ d
i=1

Proof: This proof follows Justesen’s proof in [2] and is
extended for the d−dimensional case. The expected number
of errors after first decoding is
Pd−1

∑

reduction factor is equal to the product of reduction factors
from the stage j − d + 2, i.e.
j
m( j)
= ∏ (reduction factor in stage i)
m( j − d) i= j−d+2


j
avg. no. of errors in stage i
= ∏
i= j−d+2 avg. no. of errors in stage i − 1


j
m(i − 1)π(m(i − 1))
= ∏
i= j−d+2 m(i − 2)π(m(i − 2))

=

m( j − 1)π(m( j − 1))
.
m( j − d)π(m( j − d))

Assuming that the hypothesis in (9) is true for all stages until
j − 1, the following is true by induction.
m( j) =

je−M M j / j! = Pd−1 Mπ(M)

Pd−1 Mπ(M)
= Mπ(M).
Pd−1
After decoding in stage j, the degree distribution of an array
in the current decoded dimension is a truncated Poisson
distribution with parameter m( j −1). So, the average number
of errors remaining per each array is m( j − 1)π(m( j − 1)).
When j < d, not all d dimensions are decoded by jth stage,
so in every remaining dimension other than the currently
decoded, the Poisson parameter of the degree distribution of
each array is reduced from its initial value of M to m( j). The
reduction factor is equal to the product of reduction factors
from the stage 1, i.e.
m(1) =

j
m( j)
= ∏(reduction factor in stage i)
M
i=1

j 
avg. no. of errors in stage i
=∏
i=1 avg. no. of errors in stage i − 1


j 
m(i − 1)π(m(i − 1))
Mπ(M)
=∏
M
i=2 m(i − 2)π(m(i − 2))
m( j − 1)π(m( j − 1))
=
M
Assuming the hypothesis is true for all the stages until j − 1,
the following is true by induction.

m( j) = Mπ(M)π(m(1))π(m(2)) . . . π(m( j − 1))
j−1

= Mπ(M) ∏ π(m( j − i)).
i=1

When j ≥ d, in every remaining dimension other than
the currently decoded, the Poisson parameter of the degree
distribution of an array is reduced from m( j −d) to m( j). The

(10)

d−1

j≥T +1

using the definition 4. These are randomly distributed along
all the arrays (Pd−1 in number) in each dimension other than
the current decoded one. So, the new mean of the number
of errors in each array is

m( j − 1)π(m( j − 1))
π(m( j − d))

m( j) = M ∏ π(m( j − i)).

(11)

i=1

Theorem 6: In the limit of large P and fixed t, all W =
Pd−1 M errors are decoded by the iterative decoder when
M < min{m/π d−1 (m)} , cd,t
m
Proof: To show this, we first note that m( j) is
a non-increasing sequence since the decoder never adds
more errors. Secondly, it can also be seen that π(m) is a
monotonically increasing function for m > 0. This can be
verified by computing the derivative of π(m) from (8) and
−t t
noting that π 0 (m) = e t!m which is positive for m > 0. Thus,
π(m( j − i)) ≤ π(m( j − d)), 1 ≤ i ≤ d − 1. Hence, from (11)
we can see that
d−1

m( j)
=
m( j − d)

M ∏ π(m( j − i))
i=1

m( j − d)

≤M

π d−1 (m( j − d))
. (12)
m( j − d)

When M < minm {m/π d−1 (m)}, the right hand side of the
above equation is strictly less than 1 implying that m( j) <
m( j − d) and, hence, m( j) → 0 as j → ∞.
At the threshold, on the average, there are cd,t pd−1 errors
and the total number of checks is dPd−1 , which means the
number of measurements is 2dPd−1 . Thus, the thresholds in
terms of the ratio of the number of measurements to the
d−1
sparsity that can be recovered is given by c2dtPPd−1 = c2dt .
d,t

d,t

D. Decoding in very-sparse regime
We have already seen the interpretation of constructing K−sparse signal in very-sparse regime as decoding
of a d−dimensional product code with codewords being
(d − 1)−dimensional codeword planes. It is different from
the conventional d−dimensional product codes as the latter have codewords as 1−dimensional codeword arrays in
d−dimensions. However, the analysis of decoding is similar
in both cases as the process of iterative decoding essentially
same for both the cases.

1) Error graph: The d−dimensional product code with
(d − 1)−dimensional codeword planes has P component
codes in each of d dimensions, with individual component
code length of Pd−1 . Each symbol participates in d codeword
planes. Since the decoding is independent of codewords and
error values, we can work with just the error patterns and
their error graphs. A corresponding error graph will have
hyper edges, chosen according to the random errors in the
error pattern, connecting to the vertices, which represent each
codeword plane, coming from d sets of P vertices each. This
arrangement is a d−partite graph with dP vertices.
2) Evolution of the Poisson Parameter: Decoding of
the d−dimensional product code with (d − 1)−dimensional
codeword planes is done by iteratively decoding all planes
in each dimension in an iteration before moving on to
decoding in another dimension in another iteration. This is
similar to decoding of the conventional product code with
1−dimensional codeword arrays, so a similar analysis can
be conducted here.
The main idea will be to model the number of errors
in each codeword plane as having a Poisson (or, truncated
Poisson) before (or, after) decoding each codeword and
to track the evolution of the parameter of this Poisson
distribution. Similar to the less sparse regime, here we can
assume that when one of the codeword planes is corrected, it
uniformly affects the errors in the codeword planes in other
dimensions. Hence, the asymptotic analysis will be identical
to that for the less sparse regime. The following results,
similar to those in Theorem 5 and Theorem 6 can be shown.
Lemma 7: If the total number of errors in the received
codeword is W = MP initially, then the degree distribution, or
the number of errors distributed in each (d −1)−dimensional
plane is according to the truncated Poisson distribution of
parameter given by equation 9
Theorem 8: In the limit of large P and fixed t, all W = MP
errors are decoded by the iterative decoder when
M < min{m/π d−1 (m)} , cd,t
m
At the threshold, on the average, there are cd,t P errors and
the total number of checks is dP, which means the number
of measurements is 2dP. Thus, the thresholds in terms of the
ratio of the number of measurements to the sparsity that can
be recovered is given by c2dtPP = c2dt . When we calculate cd,t
d,t

TABLE I
T HRESHOLD VALUES

2d
cd,t

3
2.455
2.4440

4
3.090
2.5891

5
3.509
2.8498

A. b=1
Theorem 9: For any finite N and d = 2, b = 1, any burst
of length K ≤ P1 + P2 − 1 is guaranteed to be recoverable
Proof: Without loss of generality, we could assume that
the burst starts at (0,0) in X 0 because of the cyclic property
of DFT, and also assume P2 < P1 . The FFAST decoder fails
if there exists a sub-matrix of X 0 which has all the rows and
columns filled with more than two coefficients each. In the
single burst case, the minimum l for which this occurs is
when the burst wraparounds in such a way that the P2 × P2
sub-matrix starting at (0, 0) is filled with two elements in
each row and column as shown in Fig. 5. The length of the
burst is sum of lengths of the paths(1, 2, 3, 4) shown Fig. 5.
Note that the paths 1 and 2 cover all the P1 columns once
and hence is of length P1 , and the paths 3 and 4 cover all
the rows once and hence is of length P2 . So the sum of
the path lengths is P1 + P2 . Note that if l is one less than
P1 + P2 , there exists a column that has one element in it that
is recoverable and the decoder recovers all other coefficients
in the subsequent iterations.

4

2

1
3

Fig. 5. Illustration of 1-burst positions in X 0 for the smallest K for which
FFAST fails. The blue colored boxes indicate the positions participating in
the stopping set.

d,t

and the corresponding thresholds, c2dt , for 3 ≤ d ≤ 8 and
d,t
t = 1, we obtain the values given in Table. I, and we observe
that they are very close to the thresholds given by 2dη in
Table IV in [1].

d
cd,1

nature, and also establish some bounds for d = 2. We will
first define some notations required to describe the analysis
procedure for signals with two bursts. Note that the term
bursty signals through out this section refers to signals that
have non-zero Fourier coefficients occurring in bursts and it
should not be confused with the time domain bursts. Let b
be the number of bursts.

6
3.823
3.1389

7
4.072
3.4381

8
4.280
3.7383

V. B URSTY S IGNALS
In this section, we describe a procedure to analyze the
performance of FFAST when the input signals are bursty in

B. b=2
Let N = P1 × P2 , and the set of non-zero coefficients that
belong to the two bursts be denoted by B1 and B2 , of lengths
k1 and k2 respectively. Let the number of symbols (or space)
between these two bursts be denoted by s.
We consider the sparse signal X in product code structure
X 0 , as given by the mapping M described in Section III.
Let us first consider the two bursts B1 and B2 such that B1
starts at the first coefficient of X, which corresponds to (0, 0)
in the array X 0 . A stopping set of size 2n contains 2n points
divided equally in two bursts B1 and B2 . Consider the case
k1 < min(P1 , P2 ), where B1 has all the points on the diagonal
of X 0 continuously from (0,0) to (k1 − 1, k1 − 1). Let us now

solve for the points on B2 that form part of the stopping set
of size 2n.
Definition 10: The smallest value of k1 or k2 such that
a stopping set of size 2n occurs in received codeword for
some value(s) of space, s, between B1 and B2 , is defined
and denoted as Kn . So, for k1 , k2 < Kn , an S2n never occurs
in the received codeword X with two bursts B1 and B2 .
Let us now consider a stopping set of size
2n denoted as S2n . The points in B1 would be
(a1 , a1 ), (a2 , a2 ), . . . , (an , an ). Since B1 and B2 form a
stopping set, without loss of generality, the corresponding
points in B2 must be n ordered pairs whose first indices are
fixed to be {a1 , a2 , . . . , an }. So, the second indices of points in
B2 will be a permutation, (b1 , b2 , . . . , bn ) = φ j (a1 , a2 , . . . , an )
∀ j < n! such that bi 6= ai ∀i ∈ {1, 2, . . . , n}. So, the points
in B2 are (a1 , b1 ), (a2 , b2 ), . . . , (an , bn ), let us say, occur
sequentially, i.e, M (a1 , b1 ), M (a2 , b2 ), . . . , M (an , bn ) are
points in ascending order in mapped B2 that belongs to X.
Every stopping set of size 2n corresponds to a permutation
φ j , j < n!, and the points in B2 satisfy the following linear
equations corresponding to that permutation, as their maps,
M (ai , bi ) for i = 1, 2, . . . , n, are in increasing order of their
position in X.
b2 − b1 (mod P1 ) ≡ a2 − a1 (mod P2 )

b3 − b2 (mod P1 ) ≡ a3 − a2 (mod P2 )
..
.

(13)

bn − bn−1 (mod P1 ) ≡ an − an−1 (mod P2 )
The set of equations(Eqn. refeqn:congruence) for a permutation φ j is denoted by P(φ j ). Each equation is an
equation in congruence, is translated to a linear equation
in the following sense. As we are finding the solution for
{a1 , a2 , . . . , an } < P2 , each congruence equation x (mod P1 )
≡ y (mod P2 ) is equivalent to


x = y

P + x = y
1
x = y + P2



P1 + x = y + P2

if
if
if
if

x, y ≥ 0
x < 0, y ≥ 0
x ≥ 0, y < 0
x, y < 0

(14)

Translation of a congruence equation to a linear equation
requires adding of P1 or P2 if there is a wraparound. A
wraparound occurs when an element of the burst that is not at
the end of the burst lies on the boundary of the product code
matrix X 0 . It could be seen from Fig. 5 that a wraparound
occurs whenever a transition is made from the last element of
each path to the first element of the next path. In Eqn. 14, we
will use the first equation if there is no wraparounds, second
if there is a column wraparound, and the third equation if a
row wraparound occurs.
Theorem 11: An S2n occurs first time in X 0 for k1 =
k2 = Kn when k1 and k2 are increased, individually, from
1 to P2 (for P2 < P1 ), if there exists a solution for P(φ j ) in
{a1 , a2 , . . . , an } < P2 for some permutation φ j .

Proof: If there exists a solution in {a1 , a2 , . . . , an } < P2
for some permutation φ j , then
Kn = min M (an , bn ) − M (a1 , b1 )
∀P(φ j )

≡ min an − a1 (mod P2 )
∀P(φ j )

≡ min bn − b1 (mod P1 )
∀P(φ j )

When an S2n occurs in X 0 , B2 contains (a1 , b1 ) and
(an , bn ). So we have k2 ≥ Kn . Similarly, we have k1 ≥ Kn .
Hence, an S2n occurs first time for k1 = k2 = Kn when k1
and k2 are increased, individually, from 1 to P2 . In that case,
the end points of both bursts B1 and B2 are in S2n .
Corollary 12: An S2n occurs in X 0 for k1 , k2 ≥ Kn if there
exists a permutation φ j such that P(φ j ) have solutions for
(a1 , a2 , . . . , an ) for some Kn .
Proof: This is easy to see from the above proof, as
when k1 , k2 ≥ Kn , B1 and B2 can include S2n for a certain
permutation φ j .
Note: In the above, we observe that the system of equations
P(φ j ) has n variables, {a1 , a2 , . . . , an }, in n − 1 equations.
We have one degree of freedom. We chose that to be the
starting point of S2n in B1 . So, we can express all the points
that form S2n with respect to this point. When k1 = k2 = Kn ,
this starting point is the starting point of B1 as in this case
the end points of B1 and B2 are in S2n from Theorem 11.
Lemma 13: For any finite N = P1 P2 (P1 > P2 ), d = 2 and
b = 2, there exist no stopping set of size 2n for those s values
that create only one wraparound in bursts, if the length of
the bursts is l ≤ (n−1)
n P2 , where n is a factor of P2 .
Proof: Consider a stopping set of size 2n (S2n ) formed
by the bursts B1 and B2 with B1 starting at (0, 0). Let us
assume that only one wraparound happens in B2 . Consider
a permutation φ j with (b1 , b2 , . . . , bn ) = (an , a1 , a2 . . . , an−1 ),
a cyclic shift of the indices in B1 . According to Theorem
11, if there exists a solution for the equations P(φ j ),
then there exists a stopping set of size 2n in X 0 . Without
loss of generality, set a1 = 0. The set of linear equations
corresponding to the chosen φ j is given by
a2 − 0 = 0 − an + P2

a3 − a2 = a2 − 0

a4 − a3 = a3 − a2

a5 − a4 = a4 − a3
..
.

ak − ak−1 = ak−1 − ak−2
..
.
an − an−1 = an−1 − an−2
Notice in the first equation, when the congruence is
translated to a linear equation form, there is a P2 term added
to the right hand side, and this is to compensate for the one
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Fig. 6. Illustration of 2-burst positions in X 0 for the smallest K, for which
FFAST fails, particularly when N = P1 × P1 − l, where l is an odd number.

Theorem 15: For any finite N = P1 P2 (P1 > P2 ), d = 2 and
b = 2, all bursts of length l ≤ P2 /2 are recoverable.
Proof: Considering that only one wraparound is allowed, Lemma 13 states that there is no stopping sets for
n−1
bursts of length l ≤ n−1
n P2 . Note that n ≥ 1/2, ∀n ≥ 2.
Hence all separations,s, corresponding to one wraparounds
can be recovered for l ≤ P2 /2. Also if l ≤ P2 /2, all the
bursts with two wraparounds can always be recovered, as all
the rows and columns other than in the P2 /2 × P2 /2 matrix
starting at (0, 0) has at most one coefficient, and also the
elements in the P2 /2×P2 /2 matrix has two bursts that do not
wraparound. Hence there are no stopping sets for l ≤ P2 /2
in both one and two wraparound conditions, leading to the
condition where all bursts of length l ≤ P2 /2 are recoverable.
This result essentially means that even for d = 2, there
exists a non-trivial threshold in the bursty case as opposed
to the random case.
Even though the guaranteed error correction for two bursts
is only l ≤ P2 /2, the fraction of burst with P2 /2 ≤ l ≤ P2 that
are not decodable appears to be small. Therefore, we make
the following conjecture.
Conjecture: As N → ∞, for d = 2, b = 2, the fraction of
bursts of length K ≤ P1 + P2 − 1 that are not recoverable
vanishes as N → ∞.
VI. S IMULATION R ESULTS
Two sets of simulations were performed to support the
analysis in the previous sections. The first set of simulations
were conducted with a random choice of the K non-zero
coefficients in X and the average probability of error,Pe ,
curve as a function of the number of non-zero coefficients

(sparsity value) K was computed. Here, we define the probability of error of the FFAST algorithm as the fraction of
non-recovered non-zero coefficients out of the K non-zero
coefficients that were chosen initially. The second set of
simulations were conducted for busty signal with two equal
bursts of length K/2, separated by a separation, s, and the
plot for average probability of error, Pe , averaged over all
possible separations, s, 0 ≤ s ≤ N − 2K, was generated as a
function of K. The plots for N = 250 × 251 are shown in the
Fig. 7.
Average probability of error (Pe )

wraparound assumed. On solving the set of linear equations
we get ak = k−1
n P2 , 2 ≤ k ≤ n. Hence the minimum burst
length for which there is a stopping set of size 2n is an =
n−1
0
n P2 . Also notice that for ak ’s to be valid points in X , they
must be integers, and hence, n must be a factor of P2 .
Example 14: An illustration for the above lemma for n =
2 is shown in Fig. 6. The colored boxes indicate the position
of the stopping set elements.

two bursts
random
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Fig. 7. Plot of the average probability of error , Pe , as a function of the
sparsity value, K, for bursty and random selection of non-zero coefficients
(N = 250*251 and 1002 samples)

It can be seen from the plot that for the same sparsity level,
the performance of the FFAST algorithm is better for the two
burst case. It can also be seen that even for the d = 2 case,
there is a sharp threshold when there are two bursts and the
threshold as seen from the simulations matches exactly with
that in the conjecture in the previous section. This should
be contrasted with the case of randomly chosen non-zero
coefficients for which there is no non-trivial threshold for
d = 2, i.e., there always exists an error floor even when N →
∞.
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